Introduction
Consider the following problem:
where D ⊂ R 3 is a bounded domain with an infinitely smooth boundary S, D := R 3 \D, N is an outer unit normal to S, f ∈ L 2 0 (D ), ζ is a constant, Im ζ = 0, or Im ζ = 0 and then ζ 0, see Lemma 2 in Appendix A. It is known that problem (1)-(2) has a solution, and the solution is unique under the above assumptions. For convenience of the reader a short proof is given in Appendix A. The problems we are studying in this paper are the following. The smoothness of the boundary can be assumed finite. Then, the number m in the theorem will not be arbitrary large: it depends on the smoothness of the boundary.
Does u converge in some sense to the solution of the problem
as |ζ | → ∞?
At what rate does u converge to v as |ζ | → ∞?
We assume throughout that |ζ | → ∞ means that ζ 1 := Re ζ → +∞, and ζ 2 := Im ζ is bounded. It is a common belief that u := u ζ → v as |ζ | → ∞. We prove that this is correct and estimate the rate of convergence, namely, we prove that this rate is O ( 1 |ζ | ). We give a method for finding asymptotics of u ζ as |ζ | → ∞. 
Proofs
Let
Let us look for ϕ of the form
where σ is to be found from the boundary condition (5), ϕ solves Eq. (5), and ϕ vanishes at infinity. The boundary condition (5) yields (see e.g. [3] )
where the operators A and T are defined as follows:
Let us write Eq. (7) as:
where ζ 1 = Re ζ , ζ 2 = Im ζ . Let us assume, for example, that ζ 1 > 0. If ζ 1 < 0, the argument is similar. As |ζ | → ∞, |τ | → 0 and τ 1 > 0. Let us prove that
The operator T is known to be an isomorphism between H and H +1 , where H := H (S) is the Sobolev space, and is an arbitrary real number if S is an infinitely smooth manifold (see e.g. [3] 
Since T = T * > 0, there exists a unique square root T 1/2 > 0, and
Recall that T is surjective, as was stated below formula (10). Note that
so that the form (p, q) 0 extends to a pairing between H and H − for any ∈ R, provided that S is infinitely smooth, which we assume for simplicity, although S can be of finite smoothness, and then (12) holds for corresponding to the
(see [6] 
.g., [1] ). Recall that A : H → H +1 (see, e.g., [3] ). The proof below uses an idea from [4, 5] .
Eq. (9) can be considered as a singular perturbation problem, because the small parameter τ is in front of the "senior derivative." Indeed, the identity operator is a "senior derivative" compared with the operators T and A, which improve smoothness by one derivative. Multiply (9) by σ in the H inner product and get:
The functions w and w N belong to H for any if S is infinitely smooth and supp f ⊂ D . Take the real part of (13) and use the fact that τ 1 > 0. Then, (13) and (11) imply:
, so σ := σ τ satisfies the inequality:
We have
where c > 0 stands for various constants independent of τ , |τ | ∈ (0, 1). It follows from (15) that
(16) 
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We want to prove that the estimate If S is assumed to be Lipschitz, rather than C ∞ , then m = 0.
Since
the relation (17) implies
The function
solves problem (3). Indeed,
The last relation holds because T ν = −w.
Generalizations

3.1.
Suppose that the Laplace operator ∇ 2 in (1) is replaced by a general self-adjoint second order elliptic differential expression L, and its fundamental solution 
Then, by the maximum principle,
and
where λ j are eigenvalues and ψ j are orthonormal eigenfunctions of the Dirichlet operator
Since L is a positive-definite operator, it follows that w = 0 in D, and w = 0 in D . Then ϕ = 0 by the jump formula for the conormal derivative of the potential of the single layer. One can also prove an analog of Theorem 1 for operator L, which is not necessarily positive-definite. For example, 
σ (t) dt
is an isomorphism of H onto H +1 , so that the equation
similar to (19), is uniquely solvable in H for any w ∈ H +1 and our proof of Theorem 1 remains valid.
If the diameter of D is sufficiently small, then k 2 is not a Dirichlet eigenvalue of the operator L in D. This case is discussed in [4] , where the wave scattering by many small bodies was studied and the impedance boundary conditions were assumed at the boundaries of the small bodies. However, the assumption that k Let us explain what change in our proof should be made in the case
In this case the operator T L is non-self-adjoint and not positive. The key points are: 
To prove the last statement, assume that ( [3] ). The equation, analogous to (9), is
where T L = T + B, T = T * > 0, B is a smoothing operator, T −1 B is compact in H , and the operator
Using the argument, given in Section 2, one writes
and gets, as in (13)- (16) an estimate, analogous to (16) by taking into account that
We also use the following estimate:
Here we have used the estimate
which holds because K is a smoothing operator. The rest of the argument is similar to the one given in the proof of the estimate (16).
3.2.
The method of the proof, given in Section 2, allows one to find asymptotics of σ τ as τ → 0 provided that w and w N are smooth.
An alternative approach to the derivation of the asymptotics
Let us write the boundary condition (2) as
Denote by u τ the unique solution to problems (1), (23) and let
where ∂ stands for all first-order derivatives, so that u is a weighted H 2 (D ) Sobolev norm. Let us prove that lim sup
If (25) is false, then there is a sequence τ n → 0 such that u τ n → ∞. Let w n := u τn u τn
. Then w n = 1. Thus, for a subsequence w n , one has:
w,
where w n H 2 loc (D ) w denotes weak convergence. Therefore,
w, 
where N = N s is the unit normal to S at the point s ∈ S, pointing into D , and we have used the embedding theorem for the Sobolev space. This w solves the problem:
The last relation in (26) can be proved by passing to the limit in the formula
where R > 0 is sufficiently large, so that supp f ⊂ B R = x: |x| R .
As n → ∞ in (27), one gets
From this formula the last relation in (26) follows immediately.
The only solution to (26) is
We now derive a contradiction by showing that
This contradiction will prove (25).
Since w n = 1 and w = 0, Eq. (30) holds if
where the norm is defined in (24). From the formulas (27) and (28) it follows that
for R sufficiently large, such that supp f ⊂ B R . In the region B R \D one has
Since S and S R are smooth, the surface integrals converge in H 
This is the function w(x), as follows by Green's formula. The integral over B R \D in (33) is a fixed function
divided by a number w n , and lim n→∞ w n = ∞. 
which proves inequality (25).
If (25) holds, then u τ converges weakly in the norm (24) to an element v,
This implies strong convergence of u τ to v in the norm (24). Passing to the limit in (23) as τ → 0, one gets for the limit v problem (3). Let us estimate the rate of convergence.
From (36) and either the integral representation for z τ or from the a priori estimate of the solution to (36), one gets the following estimate:
This is an estimate of the type (4), but less precise than the one obtained in Theorem 1. A proof of Lemma 3 can be found in [3] and in [4] .
